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Anisotropic Diffusion of Energetic Particles in 
Heliospheric and Galactic Magnetic Fields

Two faces of the same coin:

Cosmic Ray modulation in the Heliosphere

Cosmic Ray transport in the Galaxy
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Fig. 1. Observed and calculated intensities for hydrogen at the radial distances indicated. Spectra are offset by 
factors of 10 as indicated in Figure Ib. The dashed curve model solutions in Figure 1 a were calculated with parameter 
set I and fit the 1977/1978 observations (open symbols) better than the 1987 observations (solid symbols). Model 
solutions calculated with parameter set 2 fit the 1987 data better than those of 1977/1978 and are shown by solid curves 
in Figure 1 b. Both sets of model solutions are shown in Figure I c. 

however, be found that would fit both the 1977/1978 and the 
1987 observations. Therefore we chose the following two 
sets: 

Kll o = 0.9 x 10 22 cm2/s all = 0.75 
(4) 

K •-0 = 9.0 X 10 2o cm2/s a•_ = 0.97 (set 1, 1977/1978), 
and 

Kll o = 2.4 x 10 22 cm2/s all = 0.625 
(5) 

K•_0 = 6.0 X 10 2o cm2/s a•_ = 1.0 (set 2, 1987). 
These two sets approximately agree with the lower and 
upper limit of the Palmer consensus for Kii. The values of Kii, 
K_•, and Krr for these two parameter sets are plotted, for 
/3P = 1 GV, in the ecliptic plane as function of radial 

distance in Figures 4a and 4b, respectively. Notice that, 
while in theinner heliosphere diffusion parallel to the field 
lines is the dominant transport process, beyond about 10 AU 
the diffusion process is strongly dominated by Kñ. The 
solutions are very sensitive to the radial dependence of Kñ, 
set by the value of a •_. 

The ratio K•_/Kll for these two parameter sets is plotted in 
Figure 4c, which shows that this ratio is about 2-4 times 
higher in 1977/1978 than in 1987. Thus we call the 1977/1978 
diffusion tensor the more isotropic one. It is also readily 
verified that the maximum value of K •_/KiI occurs at the poles 
near the outer boundary, and that for set 1 this maximum 
value is 0.9. Notice from (2) that at the poles, where the field 
lines are radial, Krr -' KI[. 

Figure 4d compares the effective radial Krr for the two sets 
directly. In the outer heliosphere, Krr for set 2 (1987) is some 
25% lower than for set 1 (1977/1978), but the 1 AU observa- 
tions demand that the 1987 value in the inner heliosphere 
must be twice as large as for 1977/1978. 

j = 12.14 · �(Ek + 0.5E0)�2.6
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Figure 1. A sketch of the heliosphere indicating the basic plasma motions as seen in the rest frame of
the Sun. The main discontinuity surfaces of the heliosphere, i.e., heliospheric shock and heliopause,
are depicted as wavy lines indicating the overall presence of small- and large-scale disturbances.

through which no mass flow occurs. It separates the solar and the interstellar plas-
mas and can, therefore, be considered as the actual outer boundary of the he-
liosphere. The terms ‘upstream’ and ‘downstream’ refer to the pre-shock and post-
shock region, respectively, and should not be confused with the terms ‘upwind’ and
‘downwind’, defined below (see also Figure 1).
Whether or not the outer heliosheath is bounded by a surface defined by a bow

shock depends on the dynamical state of the LISM. While the latter is blowing
as an interstellar wind with a speed of |uLISM| ≈ 25 km s−1 in the rest frame of
the Sun and, thus, is supersonic (with a sound speed in the LISM of cs,LISM ≈√
2kbTLISM/mp ≈ 10 km s−1), the uncertainty in both the local interstellar mag-

netic field strength |BLISM| and the number density nLISM prevents one from de-
termining unambiguously whether it is sub- or superalfvénic (vA,LISM ≈ |BLISM|/√

µonLISMmp). Consequently, the nature of the interstellar side of the outer he-
liosheath and, thus, of the heliospheric interface is not known.
Filled with subsonic plasma, the heliospheric interface is the region in which

the solar and the interstellar flow interact directly with each other. The upwind
direction where the two flows collide head-on and the downwind direction where
the flows are parallel indicate the upwind-downwind or heliospheric axis. This ter-

[Reinecke et al., 1993, JGR]

Galactic Protons

[court. H. Fichtner]
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Jovian Electrons
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Figure 1. The large-scale distribution of 8 MeV elec- 
trons (normalized to the interstellar flux at this energy) 
in the heliosphere in the meridional plane containing the 
Jovian source. The contour levels are, from the modu- 
lation boundary rb = 100 AU inwards, 1.0, 0.9, 0.8, 0.7, 
0.6, 0.5, 0.4, 0.3, 0.2, 0.1, 0.05, 0.01, 0.005, 0.004, 0.003, 
0.0025, 0.002, 0.0018, 0.0016, 0.0014, 0.0012, 0.001. The 
dotted lines give the solution for interstellar electrons 
only. 

Sreenivasan [1999], respectively. Both codes, originally 
developed to study galactic and anomalous cosmic rays, 
have been modified to include the Jovian source. Given 
the complexity of the model with its various parameters 
described above, we found a cross-check of each solution 
with the two codes, employing different numerical tech- 
niques, very useful and valuable. 

The large-scale structure. Figure i and Figure 2 
depict the heliospheric distribution of energetic elec- 
trons in configuration space on a large scale for a kinetic 
energy of 8 MeV being typical for the Ulysses observa- 
tions (see, e.g., Ferrando et al. [1999]). 
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Figure 2. The large-scale distribution of 8 MeV elec- 
trons in the heliosphere (normalized as in Fig. 1) in the 
plane t• - 90 ø containing the Jovian source. The con- 
tour levels and lines are the same as in Fig. 1, only the 
contours 0.0025, 0.0018 and 0.0014 are omitted. 
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Figure 3. The inner heliospheric distribution of 8 MeV 
electrons in the meridional plane containing the Jovian 
source. The lines styles are as in Fig. 1. 

Evidently, it can be divided into a 3-D inner part (r _• 
15 AU) which appears to be dominated by Jovian elec- 
trons and a quasi-axisymmetric outer part (r > 15 AU). 
This result delivers both an a posteriori justification for 
the earlier studies of the problem assuming axisymme- 
try and a confirmation of the suspected 3-D structure 
of the electron distribution in the inner heliosphere. 

The dotted contours in the figures indicate the elec- 
tron distribution with the Jovian source absent. Be- 
yond about 25 AU solid and dotted contours are on top 
of each other. This clearly demonstrates that any sig- 
nificant contribution to the electron flux at this energy 
is limited to the sphere inside • 20-25 AU. 

The inner heliospheric structure. In order to 
study the 3-D part of the solution displayed in Figures 1 
and 2 in more detail, Figure 3 and Figure 4 give an 
enlarged representation for the innermost 15 AU. 

The location of the localized source is as obvious 
as the finding that the Jovian electron distribution in 
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Figure 4. The inner heliospheric distribution of 8 MeV 
electrons in the plane t• - 90 ø containing the Jovian 
source. 
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On the propagation of Jovian electrons in the 
heliosphere' transport modelling in 4-D phase space 
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Abstract. For about 25 years the Jovian magneto- 
sphere is known to be a strong source of electrons with 
energies up to • 30 MeV. Many in-situ observations 
have not only confirmed this finding originally made 
with the Pioneer 10 spacecraft, but have also revealed 
that the Jovian electrons appear to be present, at least 
close to the ecliptic plane, in the distance range from 
0.5 to 25-30 AU. The growth of the observational basis 
was not accompanied by any comparable progress with 
the modelling of the propagation of Jovian electrons. 
The few existing models suffer from the restriction to 
be valid either only very close to or far away from the 
source region. They are, therefore, not exploitable for a 
detailed study of the observations, in particular of those 
made with the Ulysses spacecraft during the last nine 
years. Motivated by this situation we have developed a 
new model of the propagation of both Jovian and galac- 
tic electrons. We present first simulation results and 
comment on their potential value for distinguishing be- 
tween Jovian and galactic electrons, for bracketing the 
range of the possible interstellar electron fluxes at low 
energies, and for a determination of the diffusion tensor 
of low-energy electrons (>1 MeV) in the heliosphere. 
Introduction 

Jupiter's magnetosphere is known to be a source of 
energetic electrons since the fly-by of Pioneer 10, the 
first deep space probe to explore the solar system be- 
yond the asteroid belt. One of the many fascinating 
findings of the Pioneer 10 mission is the discovery of 
energetic electrons being released from the Jovian mag- 
netosphere [Simpson et al.,1974;Teegarden et a/.,1974]. 
The charged particle detectors of the spacecraft recorded 
differential electron intensities obeying, time-averaged, 
a power law, j(E) • E -• (E denotes kinetic energy), 
with a flux of • 10 4 electrons/s/m2/sr/MeV at E = 
1 MeV and a spectral index of '7 m -1.5 4-0.3 just inside 
the Jovian magnetosphere. Around E m 10 MeV the 
spectra are softening (7 m -5) and eventually merge 
into an omnipresent electron background of presum- 
ably interstellar origin (for these observations see, e.g., 
Copyright 2000 by the American Geophysical Union. 
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Fig. 9 in Baker and van Allen [1976]). These obser- 
vations of energetic Jovian electrons were subsequently 
confirmed by the Pioneer 11, Voyager 1 and 2 spacecraft 
in 1974, 1979 and 1979/80, respectively, and by Ulysses 
and Galileo in more recent years. 

Besides being an interesting study object by them- 
selves, the potential value of observations of Jovian elec- 
trons was appreciated quickly. Because on scales >_ 1 AU 
the Jovian magnetosphere, with only its magnetotail 
possibly extending more than 1 AU [Ferrando et al., 
1999], can be considered a localized source, a study of 
the propagation of Jovian electrons offers an excellent 
opportunity to constrain the spatial diffusion tensor of 
energetic particles in the heliosphere. 

With this motivation in mind Conlon [1978] devel- 
oped an analytical model that has been in use ever 
since. Despite its analytical nature and therefore neces- 
sary simplifying assumptions, this model allows one to 
study the propagation problem in three space dimen- 
sions, a requirement being indispensable for a study of 
Jovian electrons. It is an attractive and easy-to-use tool 
for comparing observations with theory. 

However, the convenience of an analytical approach, 
made possible by assuming a cartesian geometry and 
neglecting the process of adiabatic cooling, limits its ap- 
plication to regions close to the source. This is unfortu- 
nate because Jovian electrons have been observed over 
the heliocentric distance range of 0.5 AU to • 30 AU 
(see, e.g., Fig. 2 in Eraker [1982]), i.e. in regions for 
which the assumption of a cartesian geometry w.r.t. 
a Jovian source is certainly not justified. Therefore, 
for the electron propagation into the outer heliosphere, 
spatially axisymmetric shock acceleration models have 
been developed [Moraal et al., 1991; Jokipii and Kdta, 
1991; Haasbroek, 1997; Haasbroek et al., 1997]. They al- 
lowed for a complete consideration of all relevant trans- 
port processes within a realistic geometry of the helio- 
spheric magnetic field (HMF) and they were exploited 
to study whether or not Jovian electrons could be a seed 
population for anomalous electrons, i.e. electrons accel- 
erated at the solar wind termination shock. These mod- 
els are, however, not suitable for a study of the prop- 
agation of Jovian electrons for regions inside Jupiter's 
orbit. There, the transport problem is truly 3-D in con- 
figuration space because of the proximity to the local- 
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ized source. In that case, the latter cannot be treated as 
a ring source, as was done for the axisymmetric models 
of Jovian electron propagation in the outer hellosphere. 

Since the most recent measurements of Jovian elec- 
trons have been made with the Ulysses spacecraft within 
this inner hellospheric region, the need of a fully 3-D 
treatment of Jovian electron propagation in configura- 
tion space has been emphasized [Ferrando, 1997; Fer- 
rando et al., 1999]. The benefits of developing such a 
model for the electron transport are not limited to a 
deeper understanding of this particle population itself 
and, on more general grounds, to helpful insights into 
the structure of the (hellospheric) spatial diffusion ten- 
sor of energetic particles, but extend to an important 
astrophysical question: What is the energy spectrum of 
interstellar cosmic ray electrons at low energies? This 
question might be answered by decomposing the ob- 
served total differential fluxes into their Jovian and in- 
terstellar components. 

We report here about such a new model of the he- 
llospheric transport in a 4-D phase space, i.e. a 3-D 
configuration and 1-D momentum space. The model 
is limited to a steady state and does not contain ex- 
plicitly the hellospheric shock, and therefore, excludes 
the process of diffusive shock acceleration. It allows 
one, however, for the first time, to study simultaneously 
both the propagation of Jovian electrons from a local- 
ized source (i.e. the Jovian magnetosphere) and galactic 
electrons entering the 3-D hellosphere from interstellar 
space. We present the model and the principle charac- 
teristics of the new solution and discuss their interesting 
implications for the problems described above. While 
these principle characteristics are not very sensitive to 
the parameters chosen and, therefore, the solution is 
representative for the actual distribution of energetic 
electrons in the hellosphere, the results of a (currently 
ongoing) detailed parameter study and of a comparison 
with Ulysses observations cannot be presented in a short 
letter and, therefore, will be presented in forthcoming, 
more comprehensive papers. 

The model 
Basic equations. Like the previous analyses of the 

propagation of energetic electrons in the heliosphere, 
the basic equation of steady-state transport reads: 

V.• Of 
3 Olnp --- 0 (1) 

While for the solar wind (gs•o and drift velocity 
we employ the representation introduced by Hattingh 
[1998] (see also Burger and Haitiugh [1998]) with a tilt 
angle for the heliospheric current sheet of 8' = 10 ø, 
we assume the spatiM diffusion tensor to be diagonM 

- •i d•j) in a locM coordinate system (with a z-•is 
Mong the magnetic field direction) with the elements: 
• = •(r,R) = a•llG(r) and • = •(r,R) 
b•[[ F(O), • - •[[(r,R) - •o • •(r)•n(R), where r 
and R denote heliocentric distance and rigidity, respec- 
tively. With a parMlel mean free path •11 • 0.3 AU 
at 1 AU below • 1 GV •0 = 4.5.10 aa cma/s. Particle 
speed and momentum are given by v and p, respectively. 

The speed of light is denoted by c. 
Furthermore, there are the functions 
nr(r) -- (1+r)/2 (2) 

1 
(R/R• ) • ;R• <R<R2 '3' - 

> 
F(O) - C + + C- tanh [(•- 90 ø - 0r)/A0] (4) 

with • -- 0 for 0 _> 90 ø and • - 180 ø -0 otherwise, 
- (0.4,10,12)av, C -(d+ 1)/2, 

d- 20, 01• - 35 ø, and A0- 45ø/(27r). The constants 
a -- b - 0.005 and All • 0.3 AU at 1 AU are chosen 
according to the constraints following from the anal- 
ysis of data recorded by the KET instrument aboard 
Ulysses [Ferrando, 1997]. For the function G(r), which 
allows for a more complex dependence of nñ on r as sug- 
gested by Hattingh [1998] and which is an issue to be 
addressed in the future, we have made the 'traditional' 
choice G(r) - 1 here. The R-dependence •n(R)is an 
approximation to that of the damping model for dynam- 
ical turbulence [Bieber et al., 1994], another property 
to be addressed in future work. 

The boundary conditions. The spherical domain 
of integration is parameterized in polar coordinates 
r E [r•), rb], 0 E [0,180ø], ;b • [0,360 ø] with the Sun's ra- 
dius re, heliocentric distance r, hellographic co-latitude 
0 and longitude •b. The equatorial plane is at 0 - 
90 ø, and •b - 0 corresponds to the direction towards 
Jupiter. This domain is enclosed by a heliocentric, 
spherical modulation boundary at rb=100 AU. We pre- 
scribe 
Of /00l(•,o:o,•)- Of lOOl(•,o:,8oO,•) - O, and require the 
periodicity f(r, O, qb - O) - f(r, 0, •b - 360ø). 

The interstellar electrons are entering the hellosphere 
at the modulation boundary with the spectrum jgal -- 
p2 fgat derived by Strong et al. [1994] and the Jovian 
electrons at the location of Jupiter's magnetosphere 
spanning over 1.5 AU (r C [5.12, 6.62] AU, 0- 90 ø, •b- 
0) with the spectrum j Joy -p2 fJov, respectively: 

joat(R(P)) -- 5 exp (a(In R) 2 + • In R + 7) (5) 

- (n + (n + 
with (a,•, 7,5) - (-0.091,-2.541,-2.965, 4.93), R in 
GV, j(E• - 20 keV)- 10 ? electrons/s/m•/sr/MeV 
and h - 5 MeV. While the representation of jgat was 
given by Potgieter [1996] to fit the result by Strong et 
al. [1994], that of j;o• was introduced by Baker and 
van Allen [1976], but modified by Haasbroek [1997], to 
resemble the Pioneer 10 observations near the Jovian 

magnetosphere (see also, e.g., Moses [1987]). As an 
approximation that is justified by the small inclination 
(i • 1.3 ø) of Jupiter's orbit, we put the Jovian source 
in the plane at 0- 90 ø. 
The solution and its characteristics 

The transport equation was solved with the 'Potchef- 
stroom' and the 'Bochum' code developed indepen- 
dently by Burger and Hattingh [1998] and Fichtner and 
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Heliophysical Questions:

• How are the cosmic ray protons and electrons modulated on their way from the 

heliospheric boundary to earth?

• Can we determine transport parameters from the propagation of Jovian 

electrons?

• Grid-Based Numerics: DuFort-Frankel, VLUGR3 ...

Solving the CR-Transport Equation directly on a numerical grid via finite 

differences or finite volume methods.

• Stochastic Differential Equations (SDE)

Solve a SDE equivalent to the Transport Equation by tracing pseudo-particles

Two Questions,
Two Complementary Numerical Tools



Bochum | 15. September 2011 | Frederic Effenberger et al.

Testing the SDE Modulation with an Analytic Parker 
Propagator

B Tests of the Numerical Transport Model

B.1 The Semi-analytic Parker Propagator Solution

Stawicki et al. found an analytic description for the general solution to the
spherical-symmetric heliospheric modulation problem, see [3]. This enables us
to test the numerical codes used in this thesis agaist a (semi-) analytic solution
for a still somewhat realistic case. In their paper they solve the transport equation
in the form TODO: ref to main text equations:

1

r2

@

@r

✓
r2rr

@f

@r

◆
� V

@f

@r
+

p

3r2

@

@r
(r2v)

@f

@p
= �S(r, p) (B.1)

by calculating a Green’s function for this equation for arbitrary power-law depen-
dence for the spacial diffusion on heliospheric distance r and momentum p, i.e
rr = 0r

�pp�p . They also allow for a spatial variation of the solar wind speed of
the form V (r) = V0r

↵p . They find the following exact solution for the differential
intensity:

j(r, p) = p2f(r, p)

=

3

bp

Z
dr0

Z
dp0

S(r0, p0)

V (r0)

p0y0

fp

⇣r0

r

⌘ 1+�p
2

⇥
✓

p0

p

◆ 3�p�4↵p�5
2(2+↵p)

exp

 
�

y0(1 + h2
p)

fp

!

⇥ I 1+�p
1+↵p��p

✓
2y0hp

fp

◆
(B.2)

17

Astron. Astrophys. 358, 347–352 (2000) ASTRONOMY
AND

ASTROPHYSICS

The Parker propagator for spherical solar modulation
O. Stawicki, H. Fichtner, and R. Schlickeiser
Institut für Theoretische Physik, Lehrstuhl IV: Weltraum- und Astrophysik, Ruhr-Universität Bochum, 44780 Bochum, Germany

Received 28 January 2000 / Accepted 30 March 2000

Abstract. An analytical solution for theGreen’s function of the
fundamental transport equation of cosmic rays, i.e. of the Parker
equation, is presented. The solution is valid for an arbitrary
power-law dependence of the coefficient of spatial diffusion on
both the configuration and themomentum space coordinate, and
it generalizes earlier more limited solutions. The flexibility with
respect to the momentum dependence allows for a study of dif-
ferent turbulence models. Here, three of such models, namely
a slab turbulence with Alfvén waves, an isotropic turbulence
with fast magnetosonic waves and one consisting of a mixture
of slab Alfvén and isotropic fast magnetosonic waves are con-
sidered. After the determination of the transport parameters for
these turbulence models, the analytical solution for the Parker
propagator is applied to the problem of heliospheric modulation
of anomalous as well as galactic cosmic rays.

Key words: acceleration of particles – diffusion – turbulence –
waves – methods: analytical – ISM: cosmic rays

1. Introduction

An understanding of the solar modulation of cosmic rays (CRs)
contributes to the solution of various problems in heliospheric
physics and astrophysics. On the one hand, since modulation
is tightly connected to the physics of the solar wind expansion
and that of the turbulence being present in the wind plasma, it is
used as valuable diagnostic of the large- and small-scale helio-
spheric structure, respectively. On the other hand, a successful
and reliable so-called de-modulation of heliospheric CR spectra
yields the unmodulated interstellar CR spectra.

The CRs of interest for solar modulation studies can be di-
vided into two populations, namely Galactic and Anomalous
Cosmic Rays (GCRs and ACRs). GCRs are accelerated some-
where in the Galaxy and arriving with their interstellar spectra
at the heliosphere. According to the present believe based on
ideas by Fisk et al. (1974) and Pesses et al. (1981), ACRs are
locally accelerated at the solar wind termination shock, for a
recent overview see Fisk et al. (1998). Both GCRs upon arrival

Send offprint requests to: Olaf Stawicki
Correspondence to: os@tp4.ruhr-uni-bochum.de

at the outer boundary of the heliosphere and ACRs after local
acceleration are entering the heliospheric region enclosed by
the termination shock. Their transport to the inner heliosphere
is mainly determined by spatial diffusion, convection with the
solar wind background flow and adiabatic cooling.

It was Parker (1965) who first derived the fundamental CR
transport equation, now known as the Parker equation, that takes
into account all of these processes:

1

r2

∂

∂r

(

r2κrr
∂F

∂r

)

− V
∂F

∂r

+
p

3r2

∂

∂r

(

r2V
) ∂F

∂p
= −S(r, p) (1)

In this equation, written here for spherical symmetry already,
F (r, p) is the quasi-isotropic phase space distribution function
of CRs with r and p denoting heliocentric distance and particle
momentum, respectively. The solar wind speed is given by V
and the coefficient of spatial diffusion byκrr. On the right-hand-
side, S(r, p) indicates a source function.

Later, Jokipii et al. (1977) recognized the importance of
large-scale drifts of CRs in the heliospheric magnetic field and
supplemented Eq. (1) by an appropriate term. While being in-
dispensable for a description of multi-dimensional large-scale
modulation, it has been demonstrated that drifts effects do not
have to be included in all cases to reproduce observations (see,
e.g., Reinecke et al. 1993; le Roux & Fichtner 1997).

Already Parker (1965) has given a variety of solutions of
Eq. (1) for simplified cases to explore the effects of spatial diffu-
sion, convection and adiabatic energy loss. In the past 34 years
many more analytical or semi-analytical solutions were pre-
sented in the context of solar modulation (see, e.g., Fisk & Ax-
ford 1969; Gleeson &Webb 1974; Cowsik & Lee 1977; Zhang
1999). Although these solutions describe the basic effects of
solar modulation, they are not exact in a strict sense as they are
employing various approximations and asymptotic expansions
or assumptions about source functions.

Exact solutions for the Green’s function of Eq. (1), i.e. for
the Parker propagator, were presented by several authors in a
different context, namely the acceleration of particles in accre-
tion flows assuming a power law dependence of both the flow
speed and the coefficient of spatial diffusion on the phase space
coordinates:
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4.2.1. ACRs

According to the theory of diffusive shock acceleration (for a
review see, e.g., Drury 1983), for ACRs one expects the ac-
celerated spectrum at the solar wind termination shock to be
related to the scattering centers’ compression ratio s (Vainio &
Schlickeiser 1999), namely jACR ∼ p2−µ with µ = 3s/(s−1).
The spectrum cuts off in the range 0.1–1.0 GeV due to the finite
radius of the termination shock.

Such a spectrum will result if the ACR source function is
chosen as:

SACR(r, p) = SACR,n (p/pn)−µ

× exp (−p/pc) δ(r − rsh) (13)

i.e. we use an exponential cut-off controlled with the constant
momentum pc, have defined a normalisation momentum pn,
and assume the solar wind termination shock to be located at
a heliocentric distance r = rsh. The factor SACR,n allows for
suitable normalisation.

4.2.2. GCRs

Many studies have been carried out to derive the interstellar
proton spectrum (for a recent compilation see, e.g., Fig. 6 in
Mori 1997). We selected the one obtained by Webber et al.
(1987) who found jGCR ∼ (v/c)(E + 0.5 E0)−2.6. E and E0

denote the kinetic and the rest energy of a proton, and c is the
speed of light.

In order to obtain such a spectrum from Eq. (10) the GCR
source function has to be taken as

SGCR(r, p) = SGCR,n (v/p2)

× [E + 0.5 E0]
γ(i)−2.6 δ(r − rsh) (14)

Analogously to the ACRs, SGCR,n is a normalisation factor.
The delta function indicates that we assume the solar wind ter-
mination to define themodulation barrier for GCRs. This barrier
might actually be located farther out, however this is unimpor-
tant for the illustration below.

For the illustration we assume that the termination shock
is located at a heliocentric distance of rsh = 100 AU and has
a compression ratio of s = 2.5, which appear as reasonable
choices according to both observation (Stone et al. 1996) and
theory (le Roux & Fichtner 1997).

4.3. Results

The resulting spectra, computed with a numerical integration
of Eq. (10), are shown in Fig. 1. Inspection of the figure results,
evidently, in the finding that all characteristic features of spher-
ical CR modulation in the heliosphere are clearly visible. At
low energies the spectra are dominated by the ACR contribu-
tion clearly showing the correct power-law behaviour. At high
energies the spectra are dominated by GCRs and the amount of
modulation decreases with increasing kinetic energy. The mod-
ulated spectra have the expected shape (Christian et al. 1995;

Fig. 1. The modulated spectra of ACRs and GCRs in the heliosphere.
The solar wind termination shock marking the position of the sources
is located at rsh = 100AU. The solid lines are the combined spectra,
the dotted and dashed lines indicate the individual contributions from
ACRs and GCRs, respectively.

le Roux et al. 1996; le Roux & Fichtner 1997). At small helio-
centric distances, the spectrum still contains information about
the source functions according to the asymptotic limit Eq. (11).
Finally, at low kinetic energies the spectra exhibit the expected
asymptotic form j ∝ p2 ∝ E according to Eq. (12), reflecting
the dominance of adiabatic cooling in this energy range.

As a further illustration, we study the dependence of the
modulation on the underlaying turbulence model. Fig. 2 dis-
plays the ACR spectra at a heliocentric distance of 50 AU for
the three turbulence models introduced in Sect. 2. The impor-
tance of the chosen turbulence model at low energies is obvi-
ous. The ordering of the curves is a consequence of the choice
pR = 600mp V (with mp being the proton rest mass). For
p < pR one has (p/pR) < 1 in Eq. (5), and a greater γ(i) yields
a lower diffusion coefficient. Thus, the greater γ(i), the lower
the differential intensities below pR. At high energies the flux
levels are approaching each other due to the exponential cut-off.

5. Conclusions

In this paper we presented an exact solution for the Parker prop-
agator of the fundamental transport equation of cosmic rays. It
generalizes earlier solutions to the paramter range being char-
acteristic for solar modulation. The solution is determined sen-
sitively by the composition and topology of the turbulent wave
fields the particle interact with and is valid for arbitrary source
functions which are allowed to depend on position as well as
momentum.

First illustrative examples for the solar modulation of the
spectra of anomalous and galactic cosmic rays, demonstrates the
potential and flexibility of the new (semi-) analytical approach.
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Figure B.1: Comparison between the Parker-Propagator solutions and the SDE solutions for the

modulation problem with �p = 0.2 and �p = 1. The top row shows the spectra for 1AU, 25AU,

50AU, 75AU and 100AU of heliospheric distance, respectively (from bottom to top). The solid lines

represent the solution from the Parker-Proagator while the symbols are the datapoints from the SDE

simulations. The lower row shows the relative deviation in percent beween both solutions (same

symbols). The symbols of the left panel where calculated with a resolution of 10000 pseudo-particles

per phase-space point while the right panel’s were calculated with only 100 pseudo-particles.

numbers for the SDE method. There exists a probably systematic error of the
order of about 10% which may be due to the different solution method. The
statistical error, however, reduces significantly with higher particle numbers, as
shown in the lower panel. It has to be noted as well, that for low energies the
Parker-Propagator method becomes increasingly inaccuart due to the larger errors
in the numerical calculation of the bessel function. Overall, the good agreement
between these two very different solution methods encourages the confidence that
both give the correct solutions to the underlying model.
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1 Cosmic Ray transport

1.1 The Cosmic Ray transport equation

We like to solve the CR transport equation in cylindrical coordinates to tackle the prob-
lem of the cosmic ray distribution in our galaxy.
The coordinate free form of this di�usion-convection equation is:

⌅f

⌅t
= ⇤ · (�̂⇤f)� ✏v ·⇤f + p

�
1
3
(⇤ · ✏v) + a�

⇥
⌅f

⌅p
+ 3a�f +

q

p2
(1)

1.1.1 Three Approaches

In the general case of eq.1 the problem is 4+1 dimensional. The code we like to utilize
however, is only capable of handling 3+1 dimensional PDEs. This restriction applies for
nearly all numerical e�orts in the past and probably nearer future because of the massive
demand for memory and computational power in the case of a 4+1 dimensional problem.
Therefore, some kind of simplification to reduce the problem to one dimension less has
to be employed. In our case there seem to be three approaches possible.

The first method would be to neglect the overall z dependence of the cosmic ray
distribution and use the free z coordinate as p. This is in some way of course the
most drastic point of view but it may be of some use if one is primary interested in
the distribution just inside the disk. In any case this needs some support from other
calculations to make sense of the results.

The second method consists in focusing on just a single energy (or momentum) and to
average over all energies in a certain range. This way one might get some ideas for the
distribution in case of di�erent energy domains (details see section ...).

The third and probably most promising approach would be to study a steady state
case where the explicit time dependence of the distribution function is neglected. Then,
formally, the time coordinate of the numerical problem can be used for the energy coor-
dinate p. In section 1.1.4 some details of this ansatz are discussed.

1.1.2 The coe�cients for the cosmic ray transport equation in cylindrical
coordinates.

The code (VLUGR3, see section 6.1) which we use to solve the transport equation needs
the PDE given by a master equation of the following form:

F (t, x, y, z, f, fx, fy, fz, fxx, fxy, fyy, fyz, fzz) = 0. (2)
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1.2 The fully anisotropic di⌥usion tensor

In a local reference frame (RF) with it’s z-axis parallel to the magnetic field direction,
we set the di✓usion tensor to the following diagonal form

�̂L =

�

⇤
�⇤1 0 0
0 �⇤2 0
0 0 �⌅

⇥

⌅ (27)

where �⌅ is the parallel di✓usion coe◆cient and �⇤1 and �⇤2 are two possibly distinct
perpendicular di✓usion coe◆cients, to include fully anisotropic di✓usion.

1.2.1 Transformation of the di�usion tensor from local to global coordinates
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Figure 1: Transformation between local and global coordinates

Now we need to transform this tensor to a global system of cylindrical or spherical
coordinates. This can be done by a transformation matrix A � SO3 where the colums
of A are the unit vectors of the local reference frame expressed in the global frame.
One distinguished frame of reference in case of a magnetic field is the local trihedron
(Frenet-Serret System, ↵ui � {↵t,↵n,↵b}) established by the magnetic fieldlines. Thus, the
transformation matrix is of the general form Aij = ↵u⇥i↵uj with ↵u⇥i � {↵e1, ↵e2, ↵e3} as the unit
vectors from the global reference frame, or explicitly:

A =

�

⇤
n1 b1 t1
n2 b2 t2
n3 b3 t3

⇥

⌅ (28)

The global tensor �̂G can be calculated by the usual tensor transformation rule (see
figure 2)

�̂G = A�1�̂LA = AT �̂LA (29)
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Anisotropic Diffusion
The „Classical“ Approach: Euler-Angle Transformation

For completeness, we note that a transformation from field-
aligned to spherical coordinates yields a tensor with elements

!rr ¼ !?;2 sin
2" þ cos2" !jj cos

2!þ !?;3 sin
2!

! "
;

!r# ¼ # !A sin!þ sin " cos "

; !jj cos
2!þ !?;3 sin

2!# !?;2

! "
;

!r$ ¼ # !A cos! sin " # !jj # !?;3

! "
sin! cos! cos ";

!#r ¼ !A sin!þ sin " cos "

; !jj cos
2!þ !?;3 sin

2!# !?;2

! "
;

!## ¼ !?;2 cos
2" þ sin2" !jj cos

2!þ !?;3 sin
2!

! "
;

!#$ ¼ !A cos! cos " # !jj # !?;3

! "
sin! cos! sin ";

!$r ¼ !A cos! sin " # !jj # !?;3

! "
sin! cos! cos ";

!$# ¼ # !A cos! cos " # !jj # !?;3

! "
sin! cos! sin ";

!$$ ¼ !jj sin
2!þ !?;3 cos

2!; ð17Þ

where tan! ¼ #B$/ B
2
r þ B2

#

! "1/2
and tan " ¼ B#/Br. Note that

Alania & Dzhapiashvili (1979), Alania (2002), and Kobylinski
(2001) give a similar result, but with tan! ¼ #B$/Br. The rel-
evant angles are shown in Figure 6. Finally, the respective local
interstellar spectra for helium, protons, and electrons are given in
the Appendix.

5. SAMPLE SOLUTIONS

In x 3 we have argued that the Fisk-Parker hybrid field, with
parameters appropriate for solar minimum conditions as given in
x 2, would not be observable inmagnetic field data. Here we show
that the signature of a Fisk-type should, however, be clearly vis-
ible in particle data. Our aim with this paper is to concentrate on
qualitative behavior rather than to try and fit any particle data set.

In what follows, we use global latitude gradients, defined for a
given rigidity as

G#(r) ¼
ln jT (r; #2;$)h i$= jT (r; #1;$)h i$
h i

"#
; 100%; ð18Þ

where jT (r; # ) is the differential intensity at a heliocentric dis-
tance r and colatitude #, and "# ¼ #1 # #2. We always use co-

latitudes #2 ¼ 10& and #1 ¼ 90&, and either r ¼ 1 or 2 AU.
Following Zhang (1997), we define the amplitude of the recur-
rent cosmic-ray variations at a given rigidity as

"jT (r; # ) ¼
jmax
T (r; #;$)# jmin

T (r; #;$)

jT (r; #;$)h i$
; 100%; ð19Þ

andmake it negative if the associated latitude gradient is negative.
Figure 7a shows that a Fisk-Parker hybrid field (triangles)

produces smaller latitude gradients than a Parker field (circles),
confirming the results of Burger & Hitge (2004), who used a dif-
ferent diffusion tensor. Note that solutions for a Parker field are
obtained by setting FS ¼ 0 in equation (4) for the hybrid field.
The relative amplitude of the cosmic-ray variations as function
of latitude gradient at a colatitude of 50& for the Fisk-type field
(triangles) in Figure 7b shows a number of interesting features.
First, it explains the scatter in the simulated data of the similar
figure in Burger & Hitge (2004), who only used a limited num-
ber of points: the relationship between the two quantities is not
a single straight line; the behavior is slightly different for high
and for low rigidities, resulting in loops rather than straight lines.
To put this another way, if the latitude gradient is the same for

Fig. 6.—Coordinate system showing the angles! and " used in the transfor-
mation fromfield-aligned to spherical coordinates, resulting in the elements given
in expression (17).

Fig. 7.—(a) Global latitude gradient as function of rigidity, and (b) amplitude
of 26 day proton variations at colatitude 50& as function of global latitude gra-
dient, both at a radial distance of 2 AU, for the Fisk-Parker hybrid field (triangles)
and a standard Parker field (circles). Filled symbols denote qA > 0 solarmagnetic
polarity, and open symbols qA < 0 solar magnetic polarity.
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⌦t is given by the local magnetic field direction:
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To calculate a second unit vector from the local field-aligned trihedron, one needs the
Serret-Frenet relations (e.g., [Marris and Passman, 1969]):
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1.2 The fully anisotropic di⌥usion tensor

In a local reference frame (RF) with it’s z-axis parallel to the magnetic field direction,
we set the di✓usion tensor to the following diagonal form

�̂L =

�

⇤
�⇤1 0 0
0 �⇤2 0
0 0 �⌅

⇥

⌅ (27)

where �⌅ is the parallel di✓usion coe◆cient and �⇤1 and �⇤2 are two possibly distinct
perpendicular di✓usion coe◆cients, to include fully anisotropic di✓usion.

1.2.1 Transformation of the di�usion tensor from local to global coordinates

ϕ
ϕ

z

r

A

z

r

localglobal

Figure 1: Transformation between local and global coordinates

Now we need to transform this tensor to a global system of cylindrical or spherical
coordinates. This can be done by a transformation matrix A � SO3 where the colums
of A are the unit vectors of the local reference frame expressed in the global frame.
One distinguished frame of reference in case of a magnetic field is the local trihedron
(Frenet-Serret System, ↵ui � {↵t,↵n,↵b}) established by the magnetic fieldlines. Thus, the
transformation matrix is of the general form Aij = ↵u⇥i↵uj with ↵u⇥i � {↵e1, ↵e2, ↵e3} as the unit
vectors from the global reference frame, or explicitly:

A =

�

⇤
n1 b1 t1
n2 b2 t2
n3 b3 t3

⇥

⌅ (28)

The global tensor �̂G can be calculated by the usual tensor transformation rule (see
figure 2)

�̂G = A�1�̂LA = AT �̂LA (29)
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Figure 3.1: Transformation between local and global coordinates

reference frame expressed in the global frame. This means that the actual princi-
pal directions of the di⌘usion associated with the corresponding diagonal elements
(�?1,�?2,�k) are determined by the choice of the transformation matrix A, i.e. its
columns.

One distinguished frame of reference in case of a magnetic field is the local tri-
hedron (Frenet-Serret System,  ui � { t, n, b}) established by the magnetic fieldlines,
since its determined only by its inherent geometry. Another point of view is the
use of an Euler-Angle transformation, analogous to the formalism in the theory of
rigid bodies. This approach has so far been used extensively in the literatur TODO:
cites...

3.1.2 The “Standard Euler-Burger” Transformation

3.1.3 The “Frenet-Serret Trihedron” Transformation

Thus, the transformation matrix is of the general form Aij =  u0i uj with  u0i �
{ e1,  e2,  e3} as the unit vectors from the global reference frame, or explicitly:

A =

�

⇤
n1 b1 t1
n2 b2 t2
n3 b3 t3

⇥

⌅ (3.2)

The global tensor �̂G can be calculated by the usual tensor transformation rule (see
figure 3.2)

�̂G = A�̂LA�1 = A�̂LAT (3.3)

The entries of the symmetric global di⌘usion tensor (subscript G dropped) are thus:

�̂11 = �?1n
2
1 + �?2b

2
1 + �kt

2
1

�̂12 = �?1n1n2 + �?2b1b2 + �kt1t2

�̂13 = �?1n1n3 + �?2b1b3 + �kt1t3

�̂22 = �?1n
2
2 + �?2b

2
2 + �kt

2
2

�̂23 = �?1n2n3 + �?2b2b3 + �kt2t3

�̂33 = �?1n
2
3 + �?2b

2
3 + �kt

2
3
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In any case: The simple structure of the diffusion tensor in the local frame may
lead to complicated tensor elements in the global frame, depending on the
magnetic field.
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2 Example Case 1: The Parker Field

Figure 3: Exemplary magnetic field lines for the Parker Field. The black line is the mag-
netic field line, the red line indicates a field line of the normal vector field and
the green line of the binomal vector field. The thiner lines are the “traditional”
normal and binormal vector fields. One can see the “traditional” normal vector
fieldline moving on the cone, because ↵e� is always perpedicular.

According to [Parker, 1958], one simple model for the interplanetary magnetic field is
of the following form (in spherical coordinates {r, �,⇥}):

B⇥(r, �,⇥) = B0

�r0

r

⇥2

B�(r, �,⇥) = 0

B⇤(r, �,⇥) = �B0

�r0

r

⇥2
⇤

�⇥(r � r⇥) sin �

vsw

⌅
(43)

Here, B0 is the initial field at the specific radius r0 from which on the magnetic field is
convected with the solar wind; �⇥ and vsw are the solar angular velocity (⇤ 2.7·10�6 1/s)
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Results
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Results
Effect of Different Tensor Formulations

[court. D. Strauss]

CHAPTER 1. COORDINATE TRANSFORMATIONS 13

Figure 1.8: Energy spectra - unaligned diffusion tensors, being antisymmetric
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Results
Jovian Electron Distribution (8 MeV)

ized source. In that case, the latter cannot be treated as 
a ring source, as was done for the axisymmetric models 
of Jovian electron propagation in the outer hellosphere. 

Since the most recent measurements of Jovian elec- 
trons have been made with the Ulysses spacecraft within 
this inner hellospheric region, the need of a fully 3-D 
treatment of Jovian electron propagation in configura- 
tion space has been emphasized [Ferrando, 1997; Fer- 
rando et al., 1999]. The benefits of developing such a 
model for the electron transport are not limited to a 
deeper understanding of this particle population itself 
and, on more general grounds, to helpful insights into 
the structure of the (hellospheric) spatial diffusion ten- 
sor of energetic particles, but extend to an important 
astrophysical question: What is the energy spectrum of 
interstellar cosmic ray electrons at low energies? This 
question might be answered by decomposing the ob- 
served total differential fluxes into their Jovian and in- 
terstellar components. 

We report here about such a new model of the he- 
llospheric transport in a 4-D phase space, i.e. a 3-D 
configuration and 1-D momentum space. The model 
is limited to a steady state and does not contain ex- 
plicitly the hellospheric shock, and therefore, excludes 
the process of diffusive shock acceleration. It allows 
one, however, for the first time, to study simultaneously 
both the propagation of Jovian electrons from a local- 
ized source (i.e. the Jovian magnetosphere) and galactic 
electrons entering the 3-D hellosphere from interstellar 
space. We present the model and the principle charac- 
teristics of the new solution and discuss their interesting 
implications for the problems described above. While 
these principle characteristics are not very sensitive to 
the parameters chosen and, therefore, the solution is 
representative for the actual distribution of energetic 
electrons in the hellosphere, the results of a (currently 
ongoing) detailed parameter study and of a comparison 
with Ulysses observations cannot be presented in a short 
letter and, therefore, will be presented in forthcoming, 
more comprehensive papers. 

The model 
Basic equations. Like the previous analyses of the 

propagation of energetic electrons in the heliosphere, 
the basic equation of steady-state transport reads: 

V.• Of 
3 Olnp --- 0 (1) 

While for the solar wind (gs•o and drift velocity 
we employ the representation introduced by Hattingh 
[1998] (see also Burger and Haitiugh [1998]) with a tilt 
angle for the heliospheric current sheet of 8' = 10 ø, 
we assume the spatiM diffusion tensor to be diagonM 

- •i d•j) in a locM coordinate system (with a z-•is 
Mong the magnetic field direction) with the elements: 
• = •(r,R) = a•llG(r) and • = •(r,R) 
b•[[ F(O), • - •[[(r,R) - •o • •(r)•n(R), where r 
and R denote heliocentric distance and rigidity, respec- 
tively. With a parMlel mean free path •11 • 0.3 AU 
at 1 AU below • 1 GV •0 = 4.5.10 aa cma/s. Particle 
speed and momentum are given by v and p, respectively. 

The speed of light is denoted by c. 
Furthermore, there are the functions 
nr(r) -- (1+r)/2 (2) 

1 
(R/R• ) • ;R• <R<R2 '3' - 

> 
F(O) - C + + C- tanh [(•- 90 ø - 0r)/A0] (4) 

with • -- 0 for 0 _> 90 ø and • - 180 ø -0 otherwise, 
- (0.4,10,12)av, C -(d+ 1)/2, 

d- 20, 01• - 35 ø, and A0- 45ø/(27r). The constants 
a -- b - 0.005 and All • 0.3 AU at 1 AU are chosen 
according to the constraints following from the anal- 
ysis of data recorded by the KET instrument aboard 
Ulysses [Ferrando, 1997]. For the function G(r), which 
allows for a more complex dependence of nñ on r as sug- 
gested by Hattingh [1998] and which is an issue to be 
addressed in the future, we have made the 'traditional' 
choice G(r) - 1 here. The R-dependence •n(R)is an 
approximation to that of the damping model for dynam- 
ical turbulence [Bieber et al., 1994], another property 
to be addressed in future work. 

The boundary conditions. The spherical domain 
of integration is parameterized in polar coordinates 
r E [r•), rb], 0 E [0,180ø], ;b • [0,360 ø] with the Sun's ra- 
dius re, heliocentric distance r, hellographic co-latitude 
0 and longitude •b. The equatorial plane is at 0 - 
90 ø, and •b - 0 corresponds to the direction towards 
Jupiter. This domain is enclosed by a heliocentric, 
spherical modulation boundary at rb=100 AU. We pre- 
scribe 
Of /00l(•,o:o,•)- Of lOOl(•,o:,8oO,•) - O, and require the 
periodicity f(r, O, qb - O) - f(r, 0, •b - 360ø). 

The interstellar electrons are entering the hellosphere 
at the modulation boundary with the spectrum jgal -- 
p2 fgat derived by Strong et al. [1994] and the Jovian 
electrons at the location of Jupiter's magnetosphere 
spanning over 1.5 AU (r C [5.12, 6.62] AU, 0- 90 ø, •b- 
0) with the spectrum j Joy -p2 fJov, respectively: 

joat(R(P)) -- 5 exp (a(In R) 2 + • In R + 7) (5) 

- (n + (n + 
with (a,•, 7,5) - (-0.091,-2.541,-2.965, 4.93), R in 
GV, j(E• - 20 keV)- 10 ? electrons/s/m•/sr/MeV 
and h - 5 MeV. While the representation of jgat was 
given by Potgieter [1996] to fit the result by Strong et 
al. [1994], that of j;o• was introduced by Baker and 
van Allen [1976], but modified by Haasbroek [1997], to 
resemble the Pioneer 10 observations near the Jovian 

magnetosphere (see also, e.g., Moses [1987]). As an 
approximation that is justified by the small inclination 
(i • 1.3 ø) of Jupiter's orbit, we put the Jovian source 
in the plane at 0- 90 ø. 
The solution and its characteristics 

The transport equation was solved with the 'Potchef- 
stroom' and the 'Bochum' code developed indepen- 
dently by Burger and Hattingh [1998] and Fichtner and 

With Standard Modification: Isotropic Perpendicular Diffusion
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Isotropic Perpendicular Diffusion Anisotropic Perpendicular Diffusion: ?2 = 0.5?1
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Isotropic Perpendicular Diffusion Anisotropic Perpendicular Diffusion: ?2 = 0.1?1
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• Anisotropic Diffusion is important for Cosmic Ray transport on different 

scales and its proper treatment is needed to determine their actual 

distribution in the Galaxy and the modulation effects in the Heliosphere. 

• Complementary numerical tools exist and are under development to 

investigate the properties of solutions to the Parker transport equation for 

various coordinate systems, setups and boundary conditions.

• Our new approach to the formulation of the diffusion tensor results in 

differences for the tensor elements in the fully anisotropic case and has a 

possible impact on the resulting modulation spectra, especially for high 

latitudes.

• The LIS modulation of galactic protons and the distribution of Jovian 

electrons shows to be sensitive to the actual structure of the diffusion tensor.

Conclusions


