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Why going beyond `standard' theory?

Because real physical systems are...

... not homogeneous/not uniform:
�! Talk by Reinhard Schlickeiser: inhomogeneous magnetic �eld
�! Talk by Stefan Artmann: inhomogeneous magnetic �eld
�! Talk by Kobus le Roux: spiral magnetic �eld

... not isotropic:
�! Talk by Sean Oughton: anisotropy of uctuations
�! Talk by Daniel Verscharen: anisotropic cascading
�! Talk by Adri Burger: anisotropic di�usion
�! Talk by Eugene Engelbrecht: anisotropic di�usion

... not symmetric:
�! (in a minute) non-axisymmetric turbulence

... non-Gaussian:
�! Talk by Andreas Kopp: anomalous di�usion

... and because it's fun to explore something new ,.
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Drifts by Turbulence?
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Structure of the di�usion tensor

� homogeneous magnetic �eld, axisymmetric turbulence, zero helicity
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Consequences of non-axisymmetric turbulence

Study of o�-diagonal elements: turbulence-induced drifts
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Ru�olo et al. [2006,2008], Stawicki [2005]

Weinhorst et al. [2008]
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Non-axisymmetric turbulence in the solar wind
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Perpendicular Di�usion

and an

Overlooked Rotation?
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The Di�usion Tensor & An Overlooked Rotation?

Study of large-scale transport requires transformation of the di�usion
tensor from a (�eld-aligned) local to a global system:

Which local system is the most 'natural' one?

One principal direction aligned with magnetic �eld.

The correct choice of the `perpendicular' directions is important
for the case of anisotropic perpendicular di�usion (e.g. for Jovian
electrons).

The most natural directions are de�ned with the Frenet-Serret
trihedron, i.e. by the curvature and torsion of a magnetic �eld:

~t = ~B=B ; ~n = (~t � r)~t=k ; ~b = ~t � ~n

This has not been considered for (heliospheric) CR transport, so far...
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The Di�usion Tensor & An Overlooked Rotation?

The general transformation reads:

$
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The Di�usion Tensor & An Overlooked Rotation?

Example: Parker Field

`Classical' Choice: �?2 always along ~e� 0
@�?r 0 0

0 �?� 0
0 0 �k
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The Di�usion Tensor & An Overlooked Rotation?

Example: Parker Field

`Natural' Choice: �?2 along ~b = ~t � ~n 0
@�?1 0 0

0 �?2 0
0 0 �k

1
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The Di�usion Tensor & An Overlooked Rotation?

(E�enberger et al. 2011)
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(Preliminary) Application to Modulated Spectra

Burger & Hitge [2008] new tensor
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Anisotropic perp. di�usion in simulations?

Tautz et al. [2011]:
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Anomalous Di�usion

in the Heliosphere?
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Anomalous Di�usion

What is anomalous di�usion?

� normal (standard, Gaussian) di�usion:

h(�x)2i = �t

� anomalous (nonstandard, non-Gaussian) di�usion:

h(�x)2i = ��t
�;

(
� < 1 = subdi�usion

� > 1 = superdi�usion

What are the consequences?
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Normal vs. anomalous (sub)di�usion

�t = const:;�x = const �t = 	(t);�x = const

normal di�usion  ! CTRW
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Superdi�usion
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Observations of anomalous di�usion

Various authors have found anomalous di�usion:

h(�z)2i = �kt
� along ~B:

ACRs: � = 1:3, i.e. superdi�usion (Perri & Zimbardo 2009)
electrons: � � 1:4, i.e. superdi�usion (Perri & Zimbardo 2008)
electrons: � < 1, i.e. subdi�usion (Albright et al. 2001)

h(�x)2i = �?t
� perpendicular to ~B:

� = 1=2, i.e. subdi�usion (Kota & Jokipii 2000, Shalchi 2005,
Webb et al. 2006)

� = 4=3, i.e. superdi�usion (le Roux et al. 2010)

... at di�erent energies and transport periods. In such cases the

di�usion approximation (e.g. Parker equation) is invalid
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A fractional (super)di�usion equation...
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... and its numerical solution for � = 4=3 vs. � = 1
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R�esum�e
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R�esum�e

There is a lot of scope for re�ning

and extending `standard' theory.
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... and its numerical solution for � = 4=3 vs. � = 1&�(t)

time-dependent normal di�usion
can reproduce the same height but
not the same width
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Numerical computation of fractional derivatives & integrals

Gr�unwald-Letnikov de�nition:
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