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Hydrodynamics
• General equations
• Euler equations
• Examples
• The heliosphere
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General equations
Continuity-, momentum-, and energy equations
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~v= fluid velocity Î = unit tensor

ρ = fluid density σ̂ = viscosity/stress tensor

e = internal energy of fluid ~F = external force

P = pressure of fluid ~Q = heat flow

S sources and sinks
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Euler equations
Continuity-, momentum-, and energy equations

σ̂ = ~Q= 0 ==> Euler equations

∂

∂t









ρ

ρ~v

ρ(e +
1

2
v2)









+ ∇ ·











ρ~v

ρ~v~v + P Î
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or in conservative form:

~W + ∇ · ~f( ~W ) = ~q
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Examples
1) ∇ · ~v = 0 incompressible flow (ρ = const. for stationary flow)

2) stationary 1-D spherical flow ==> r2ρv = const.,
and with v = const ==> ρ ∼

1
r2

3) Bernoulli equation:
1
2ρv2 + P = const
stationary energy equation, no forces, constant internal energy
and incompressible
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Multi-fluid
Continuity-, momentum-, and energy equations
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Sc,H−p ≈ σ(vrel)vrelρp ρH

Sc,H−e ≈ σ(Erel)vrelρp ρH ,Erel>13.6eV

Sc,H−ν ≈ 8 · 10−8/r2 ρH
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Pressure balance

Pram = ρpv2
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PCR ≈ PB,LISM ≈ 0.35 eV cm−3

B0 = 5µG

BLISM,0 = 3µG (1 − 10µG)

CRHPE, Bochum, 12.-16. September 2011 – p. 7



Heliosheath’ proton speeds
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Sound speed: Multifluid plasma
Critical point (Parker), stationary flow:

Continuity equation: ∇ · ρi~u = 0

momentum equation: ρi(~u · ~∇)~u = −∇Pi + ~Si

For each i one gets:
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defining the total sound (critical) speed as:
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Sound speed

ecliptic pole
cp, cpui, ctot, (cp + cpui)/2
Ppui = 1

5Ppui,ram
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Collision rates
βp = σ(vrel)vrelρp βe = σ(Ee)vrelρe=p

βν = 8 · 10−8r−2
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Ratios of collision rates
(βp − βe)/(βp + βe) (βp − βν)/(βp + βν)

(βp − βPUI)/(βp + βPUI)
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The tail???
The heliospheric tail?
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