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1. Introduction

1.1. Fundamental questions

Which equations describe the dynamics of cosmic rays for given and specified
electromagnetic fields (test-particle approach)?

How do the cosmic ray transport parameters depend on the statistical properties
of the turbulent electromagnetic fields in space?

Under which conditions is cosmic ray transport diffusive? What are the differ-
ences of linear and nonlinear transport theories?

What causes perpendicular spatial diffusion? Not a single process: (1) scatter-
ing in perpendicular guiding center coordinates, (2) magnetic field-line random
walk (compound diffusion), (3) gradient and curvature drift in nonuniform guide
magnetic field.

Modern numerical cosmic ray transport codes such as GALPROP (Strong,
Moskalenko et al.) investigate the diffusion-convection transport equation con-
taining diffusion and convection terms in the particles momentum and space
coordinates. Are all important physical effects represented?

No: The mirror forces in large-scale nonuniform guide magnetic fields provide

additional transport effects: not only the well-established (from interplanetary
observations) focused spatial convection but also focused acceleration.
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1.2. History of diffusion-convection transport equations in
uniform guide magnetic field

For isotropic part of gyrotropic particle phase space density M (z;,p,t), z; €
[x,y, z], because observed galactic cosmic rays are almost isotropic:

Parker (1963) equation:

oM ~ 1 0 3 .

T S =div |kt gradM — UM} + o2 9p [%(divU)M} (1)
U gas velocity. Includes spatial diffusion, spatial convection and adiabatic
deceleration/acceleration depending on divU > 0 or < 0, respectively (Fermi

1).
Skilling (1977) equation:

oM 3

[pQAap + %(divﬁ)M (2)

oM , ~ _9 0
E_S_dw [ngradM—VM} +p a

with effective cosmic ray bulk speed V =U+H/V, #* U with cross helicity
H. € [—1,1] of scattering plasma waves and momentum diffusion (Fermi 2).
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complete transport equation in uniform magnetic field (e.g. RS
2002)

oM . ~ M
o S =div [/@'T gradM — VM] ~T.
50 oM p?, . - .
2 p?A —(d M — p?ProesM
g, {p o+ 5 (divV)M = p™Pioss (3)

with continuous (Pess) and catastrophic (7¢) loss processes.

Plus intrinsic relation (RS 1989, Dung and RS 1990) of parallel spatial diffusion
and momentum diffusion

koA =G(He, 04, Uf)VXPQ (4)
with magnetic helicities of forward (+) and backward (-) moving Alfven waves.
Also V; = V;(H¢,04).

GALPROP uses complete transport equation (good) but ignores intrinsic rela-
tion and helicity dependences.
E.g. in GALPROP G =1/9 =G(H. = 0,04+ =0) and V = U always! .

Remark: why should one use a numerical solution of the transport equation
which can be fully solved analytically?
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2. Fokker-Planck cosmic ray transport equation

We consider the transport of cosmic rays in a large-scale guide magnetic field
§0 = Bgyé,, which is uniform on the scales of the cosmic ray particles gy-
radii Ry, = v/|€}|. Because of the gyrorotation of the particles in the uniform
magnetic field, one is not so much interested in their actual position as in the
coordinates of the guiding center

U
. i X € 1 (%
X=(X,Y,Z)=£+UX€’Z::E’+§ —. (5)
0

2.1. Vlasov equation

Transforming to the phase space variables (X, Y, z, p, i, ¢), the Vlasov (collision-
free Boltzmann) equation reads (Hall and Sturrock 1968, Achatz et al. 1991)

OF 9F _OF _, 9

—_— — 2 —_— =
at + vu 82 Qa¢ +p 8ya [p ha(t)F] QO(ZavaapaM7¢at) Ov (6)

where we use the Einstein sum convention for indices. vy, € [u,p,,¢X,Y]
represent the five phase space variables with non-vanishing stochastic fields
ha(t).

Q0(27X> Yap7,u7 d)at) = SO(Z,X,YV,]?,ILL,QS,TS) _NOF - 7—‘)'01_7 (7)
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accounts for sources and sinks (.Sy) and the effects of the mirror force (Np) and
momentum loss processes (Rp), where the latter two operate on much longer
spatial and time scales then the particle interactions with the stochastic fields.

The equation of motion of charged particles provides with €2 = % and 6b = %li
du Q .
i hu(t) = . (v20by — vy 0by) = Q\/1 — 2 (cos pob, — sin pdb;), (8)
and
d Q
ditb = —Q+ hy(t), hy(t) = —Q0b, + ——— (cos ¢pdb, + sin ¢dby) . (9)

V1—p?

with the two random forces h,(t) and hy(t). Eq. (9) also accounts for the
regular force term ¢ = —Q in Equation (6).

For the guiding center coordinates X; = [X,Y], 7,5 = 1,2 we find

= hult) = v=()30i(8) — ()30 ), (10)

Introduction
Fokker-Planck . . .
Incompressible. . .
Modified diffusion- . ..

Focused diffusion- . . .

Summary and. ..




2.2. Ensemble averaging

The distribution function F' in Eq. (6) develops in an irregular way under the
influence of the stochastic force fields h,(t), but the detailed fluctuations are
not of interest.

We seek an expectation value of F' in terms of the statistical properties of
ha(t), so we consider an ensemble of distribution functions all beginning with
identical values at time 3. Let each of these functions be subject to a different
member of an ensemble of realizations of h(t). At any time ¢ > t¢, the various
functions differ from each other, and we require an equation for < F' >, the
average of F' over all members of the ensemble. With F' =< F' > +JF and
the operator Lo = 0y + wvudz — 04, Eq. (6) for neglected electric field
fluctuations (h, = 0) reads

0 0
Lo < F>+Ly0F + % [ha(t) < F >] + @ {ha(t)CSF] — Q(] =0 (11)

Ensemble-averaging Eq. (11) using < hq(t) >=< dF >= 0 yields the desired
kinetic equation for < F' >:

*CO < F > _QO(Z7X7 Y7p7lu’7 ¢7t) = _83 [< ha(t)(sF >]7 (12)

Substracting Eq. (11) from Eq. (12) gives the equation for the deviation

0< F > 00F O00F
————— — hy(t ho(t
0Ya ()8ya+< ()aya>

Lo0F = —ha(t) (13)
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With the inverted time-integration operator Eal the formal solution of Eq. (13)
provides for the ensemble average on the right hand side of Eq. (12) is

o< F >

(he(t)6F)
Yo ~

< ha(t)0F >= — < ho(t) Lo ho(t) >—< ha(t)ﬁgla B
(1

which is an integral-type equation.

2.3. Weak turbulence or quasilinear approximation

Keeping only first-order terms in the fluctuating quantities § F' and h(t), which
are assumed to be small (weak-turbulence assumption or quasilinear approxi-
mation) then yields
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. .
Eo T s ha(0E o () > S

Yo O
where we follow the arguments of Hall and Sturrock (1968) and Achatz et al.

(1991), that for weak turbulence @ < F' > /dy, varies only negligibly over the
time-integration interval. We arrive at the kinetic equation

< ho(t)0F > — < ho(t) Lo ho(t)

0 d< F >
EO < F> _QO(ZaXaKpa,U'aQSa t) = _8y Tho 8@/ (16)

with the full Fokker-Planck coefficients




Too =< ha(t) Ly he(t) > (17)

The quasilinear time-integration operator is obtained by integrating along the
characteristics of the operator £y (Achatz et al. 1991), which is the unperturbed
gyrocenter orbit in the uniform magnetic field (X, = X, Y, =Y, Z, =
Z+op(u—1t), pu =0, pu =, ¢ = ¢ — Qu —t)), so that

t t >
Lo he(t) = / du hy(u) = / 3k / du Hy (k, w)e™ W, (18)
to to

after Fourier transforming the stochastic force in space.
Consequently,

t
T =< hy(t) / du he (u) >

to

R

t
— /d3k < ha(t)/ du H,(k,u)e™

to

kJ_’U 1 2

X exp [w,uk”(u—t) +1 O —H sin(¢p — ¢ — Q(t —u)) | > (19)
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2.4. More general particle orbits

Deviations from the unperturbed particle orbits resulting from the higher order
term in Eq. (14) in magnetic turbulence affect the gyrophase ¢(¢) and the
pitch-angle 1(t). Here we consider a more general class of particle orbits with
deviations of the gyrophase given by

Xs=X,Ys=Y, Zs=Z +vu(s—t), ps = p,

Hs = [, ¢s:¢_Q(5_t)+5¢(t_3)7 (20)

that contains the additional arbitrary gyrophase variation d¢(t—s), with 6¢p = 0
for s = t, affecting in particular the perpendicular transport of cosmic ray
particles. The quasilinear orbits are reproduced by setting ¢ = 0. In this case
the full Fokker-Planck coefficients (17) become

t - o
Tor = [ @ < ha(t) [ ds Hy(Fs)eFXrome-

to

X exp [zlﬁv\/l—,ﬁ/sdwcos(q/)—qﬁ—i—Q(w—t)—ng)(t—w)) > (21)
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Introducing the variables =, € [X,Y, u| and the explicit form of the operator
Ly the kinetic equation (16) reads

81€<F1> +UM02<F> _Qaqﬁ<F>_Q0(Z7X7vau>¢vt):

0 o< F > 0 o< F > 0 0< F >
- 8xaTaU Oz, _%T‘i’” oty 8xaTa¢ oo

(22)

2.5. Gyrotropic distribution functions

We now employ the small Larmor radius approzimation (Chew et al. 1956,
Kennel and Engelmann 1962) that in the presence of the guide magnetic field
all changes are considered small over space scales comparable with the particle
Larmor radii or time scales comparable with typical gyroperiods. Therefore
the Larmor radius and gyroperiod are convenient small expansion parameters.
The Larmor orbiting of particles is so rapid that all inhomogeneities in the ¢-
distribution of particles are smoothed out on the macroscopic scale, and the
distribution functions are independent of ¢ to lowest order. With the expansion

F
<F>=f+—= (23)
Q
inserted in Eq. (22) we then find to lowest order
0
f 0 (24)

35~
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Thus the lowest-order distribution function is independent of the gyrophase ¢.
To find the spatial and time dependence of f we go to next order giving

0 0 0
O f +oud. f— 0y {F1 — Twﬁxf} —Qo(z, X,Y,p,u, o, t) = —aTTwan
(25)

The physical requirement that f and F be periodic in ¢ then removes the third
term on the left hand side when averaging Eq. (25) from 0 to 27 in ¢, leading
to the Larmor-phase-averaged Fokker-Planck equation

o, Of

0, 0.f — y X, Yp,pyt) = ——Doao - — 26
i f +opd.f — Q2 s s t) z. D20 (26)
with the gyro-averaged source term
1 2
Q(Z7X7 Y7P7N7t) = 27T/ d¢Q0<ZJX7Kp7M7¢7t)7 (27)
0

and the gyro-averaged Fokker-Planck coefficients

1 27 1 27 t .
Doy =R /0 ATy = - /0 d < ha(t) / dshi(s) >, (28)

to

where we replaced h,(t) = h%(t) by its complex conjugate because the stochas-
tic forces are real-valued quantities.
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2.6. Gyro-averaged Fokker-Planck equation

The full Fokker-Planck equation (26) including electric field fluctuations for
f(X,Y, z,p, u,t) then reads (Schlickeiser and Jenko 2010)

9 9
o e w I NT RS - SCX Y1) = 070, (PDusde ], (29)
where
v O eqVRL(1 — ,u2)87f_ eqVRL(1 — ,U,Q)ﬁ
1= 3o (1 =47 1] 2L,  0X oL, oy G0

accounts for the effects of the mirror force in the large spatial gradients (Li_1 =
—0y, In By) of the guide field, and

Rf = pizap [p2plossf] + / (31)

1
represent continous (Pjess) and catastrophic (7¢) momentum losses of particles.
S(z,X,Y,p,t) represents additional sources and sinks of particles.

In Eq. (29) we use the short notation 0, = (0/0z,), where z, , € [11,p, X, Y]
represent the four phase space variables u, p, X, Y with non-vanishing stochastic
fields h,(t). Therefore the terms on the right-hand side of Eq. (29) in general
represent 16 different Fokker-Planck terms; however, depending on the specific
type of turbulence considered, not all of them are non-zero, and some of them
are much larger than others.

Introduction

Fokker-Planck. . .

Incompressible. . .

Modlitied diffusion- . . .

Focused diffusion- . . .

Summary and. ..




3. Incompressible magnetic turbulence

Restricting our analysis to incompressible magnetic turbulence (db, = 0), the
equation of motion of the guiding center simplifies to h;(t) = vudb;(t).

3.1. Step 1: Quasi-stationary turbulence

As first assumption we use the quasi-stationary turbulence condition that the
correlation function < h},(t)hs(s) > in Eq. (28) depends only on the absolute
value of the time difference |t — s| = |7| so that with the substitution s =t — 7
we find for Eq. (28)

1 2 t—to
Dur ==y [ o [ ds <huohye-7) > (32)
2 0 0

3.2. Step 2: Existence of finite decorrelation time

If there exists a finite decorrelation time t. such that the correlation functions
< hy,(t)h%(t — ) >— 0 fall to a negligible magnitude for 7 — oo, this allows
us to replace the upper integration boundary in the 7-integral by infinity so that

1

D,y =R—
vo 27_(_ 0

27 00
do / dr < hy(ORL(t—7) > | (33)
0

The two assumptions of quasi-stationary turbulence and the existence of a finite
turbulence decorrelation time ¢. guarantee diffusive transport behaviour.
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3.3. Step 3: Homogeneous turbulence

With the corresponding Fourier transform in space of h, () the gyro-averaged
Fokker-Planck coefficients (32) read

1 27 , o o S — -
Do =R~ d¢ /d3k /d?’ke“k —k)X / ds < H,(k ,t)H:(k,s)
™Jo 0

—wpk)| (s—t)—wy/1—p? (kL 7 dw cos(w—¢+Q(w—t)—5¢(t—w))+k:_ %)
e >

(34)
As third assumption we use that the turbulent magnetic fields are homoge-
nously distributed, meaning that independent from the actual position of the
gyrocenter at time ¢ the particles are subject to turbulence realizations with the
same statistical properties. This allows us to average Eq. (34) over the spatial
position of the guiding center using

1 [ N S
yielding

1
27T0

_r . sin(¢—v)
—1k ) vy/1—p? (ff dw cos(¢—¢+ﬂ(w—t)—6¢(t—w))+T) > (36)

2 0o
D,y =R dop /d3/~c/ dr < H, (k) H:(k,t — 7)e™HIT
0

X e
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3.4. Step 4: Corrsin-type assumption on the nature of
generalized orbits

As fourth assumption we here restrict our analysis to particle orbits where §¢(w)
is independent from the fluctuating fields, so that the ensemble averaging in
Eq. (36) involves only the 2nd order correlation functions of the stochastic
fields. This is a severe restriction, and basically corresponds to the Corrsin
independence hypothesis (Corrsin 1959, Salu and Montgomery, McComb 1990).
With £ = ¢ — w and the abbreviation G(§) = Q& + §¢(§) the Fokker-Planck
coefficients (36) then are

1 27 [e%s} o .
D,y =R— do /d?’k / dr < H,(k,t)H:(k,t — ) >
27T 0 0

% ew,uk”‘rJrsz_v\/ 1—p? (fT d¢ cos(¢f¢+G(£))7W)

: (37)
3.56. Step 5: Axisymmetric turbulence
An enormous simplification results for axisymmetric turbulence
< bi(k, )05 (k,t — ) >= Py(k, ) = Py (ky ki, 7), (38)

independent of the wave phase 1. The only remaining Fokker-Planck coeffi-
cients for magnetic turbulence then are




Dij:mm%/ dk|/ dklkL/ dr eI Py (ky, k1, 7)Jo(2),
—00 0 0

(39)
and

[e%s) [e’s) t—to
Dy = R7O2(1 — MZ’)/ dk / dk lﬂ/ dr Jo(2)
—00 0 0

% €Z(v'uk”7—+G(T)PLL(k||, k., ,7_) + GZ(U'ukHT_G(T)PRR(kH’ ki, T)] (40)

in terms of the left-handed and right-handed polarized stochastic magnetic field
components

2Ppp, = Py + Pyy + 1Py — 1Pyy, 2PrRr = Ppy + Pyy + 1Py — 1Py, (41)

and
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3.6. Quasilinear limit

The quasilinear approximation to the particle orbits is recovered by setting
d¢ = 0 providing G(7) = Qr, so that Eq. (42) becomes

_ 2
7 == 2kioyl— i Vgl“y sin(&)] (43)

2
The Fokker-Planck coefficients then become

DgL:%%mQuQ/O dT/ dk”/o dley kye™IMI7 Jo (Zo) Prj(ky, ko, 7).,

(44)
and

D%:%ﬂﬂ(l—;ﬂ)/o dT/ dk”/o dk1 k1 Jo(Zo)

X el(vuk“JrQ)T(PLL(k”, kJ_, T) + ez(vuk”iﬂ)T(PpLR(k}” y kJ_, T) (45)

Note that these quasilinear Fokker-Planck coefficients in axisymmetric turbu-
lence no longer involve infinite sums of products of Bessel functions.
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3.7. Strict upper limits

Independent of the actual cosmic ray phase orbit d¢(7) we obtain with Jy(A) <
1 and cos(z) <1

V22682,
Dy < Dy = (46)
and
e (M=) [602, +6b%,] Q21— p?) [6b2, 4 002, ]

Dy < Dyp™ = o = % ,
(47)

using an exponential magnetic field fluctuation decorrelation time ¢, = y~*
Pij(k,7) = Pi(k)e ", (48)

Correspondingly, with the diffusion approximation (neglecting the influence of
the mirror force) we find the upper limits for the perpendicular spatial diffusion
coefficients

1’2&’12]'

3y
and the lower limit for the parallel spatial diffusion coefficient

(49)

max
Rij < K’ij =
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2

min yv
> = , 50
ML T 02 a2, + ob2, ] (50)

implying the general relation

. R \?
e ] = () (51)
In terms of the associated mean free paths the last relation reads
min [\ max max 2
I ARE + WY =R (52)

If the parallel diffusion is limited by Bohm diffusion ()\hnin > Rp), the relation
(52) dictates that the sum of the perpendicular mean free paths

XX AV < Rp (53)

has to be smaller than Ry, in agreement with the theorem of reduced dimen-
sionality. We note that this derivation does not account for possible additional
field-line random walk and gradient and curvature drifts.

For compressive magnetic turbulence (Casanova and RS 2011)

iR XY+ AP = 2R3 (54)
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3.8. Relation to alternative nonlinear transport theory

In several alternative treatments of cosmic ray transport (e.g. Matthaeus et
al. 2003; Shalchi 2006, 2009; Le Roux et al. 2010), the ensemble averaging in
Eq. (36) for the Fokker-Planck coefficients is done differently, anticipating the
expected diffusive motion of particles (standard NLGC theory). Adopting that
approach here means

< Hf (k,t)H;(k,t — 7)ekiIvr
% ezk”vufzklv\/ 1—p2 (fT dw cos((ﬁf1[)+Q(t7w)+5¢(t7w))+w)
2

o - V4T
=< H}(k,t)H;(k,t — 1) > eXp[—?TW — k) kfT =Y Dijkikjr),  (55)

>

2%
where £ denotes the parallel spatial diffusion coefficient. As a consequence, we
obtain a nonlinear formula for e.g. the perpendicular Fokker-Planck coefficients

t—to . ’1)27'
D;; = 8‘%@%2/613]4; /0 dr Pi;(k,T)exp 3~ “\\kﬁT — ZDz’jk‘z’k‘jT

(56)
Adopting again the exponential magnetic field fluctuation decorrelation time

-

Pij(k, )= P%(k:)e‘”, we then obtain in the diffusion limit ¢t — ¢y > t.
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o) o 2
Dij = mhﬂ/ dT/ d*k Pjj(k)exp |-y — ;’J — kY kiT =Y Dijkik;T
0 -0 el ij
o PY(k
= UQ,uz/ 3k = zg( ) ) (57)
—00 Y+ WH + I‘in‘” + Zi,j Dzjkzk?]

relating nonlinearly the perpendicular Fokker-Planck coefficients to the parallel
spatial diffusion coefficient.

Improved NLGC theory (Shalchi 2010, 2011): replace ensemble-averaging
of turbulent fields by cosmic ray particle average using the Fokker-Planck equa-
tion but see criticism by Lerche and Tautz (2011, PoP 18, 082305).




4. Modified diffusion-convection transport equation

For MHD turbulence the fluctuating electric fields are much smaller than the
fluctuating magnetic fields (0E < 0B). In this case the gyrotropic particle
phase space distribution function f(X,Y,z,p,u,t) due to dominating pitch-
angle diffusion adjusts very quickly to a quasi-equilibrium through pitch-angle
diffusion which is close to the isotropic equilibrium distribution M (X,Y, z, p, t).
For axisymmetric incompressible turbulence, only Dxx, Dyy, D, D,, and
D,,, are non-vanishing. In this case the diffusion approximation (Jokipii 1966,
Hasselmann and Wibberenz 1968, Skilling 1975, Schlickeiser 1989) yields

OM g 0 ([, v orsd) 0 ([} o] g
ot 0X 8L3 3L, oY 8L3 3L1

2
+2 <’izzM> _i_% _'_ig <|:p2ploss_ QzppP :|M>

0z \ Lj T. p?0p Ls
Ox KXX Kyx K:x oaxp\ [OxM
_ Oy | myx  myy Ky oayp | | OvM (58)
0. RzX Rzy Rzz Gzp o.M
p20,p? —axp —ayp —az A oM
with the pitch-angle averaged transport parameters
1! D, (1)
A= [ duDpl - ) (59)
2 1 [ pp D#H(/O]
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2\2
v2 K B Uj ! d“(l_i'u’)’ (60)
Kzz = 8 8 1 D,u,u(:u)
2\2
- LA WG (61)
Kxx = 5 /_1 d/LDXX(:u) + 72L% 1 DH#(M)
2\2
_— vir2 /1 a0 1) (62)
Kyy = 5 /_1 d,uDXX(:u) + 72L% 1 DH#(M)
V22 /1 g 0= p?)? (63)
R Y ~1 Dy (1)
1 _2\2
caV’rL K1 vy dluM, (64)
RzX = 77 ou7,  24Ly |, Dy(p)
2 N9 Modified diffusion- . . .
N EaUQTL /1 M, (65) Focused diffusion- . . .
Rzy = 24L1 1 D,U«U('u') Summary and. ..
cqurp [ p(l— “2)DNP(M), (66)
axp = — 121, /1 a D)
eury, 1 p(l— :“2)D“p<'u>7 (67)
Wp = 12L1 /_1 H DNM('“)
ot (1—#2)Dup(u)7 (68)
azp - Z 1 K DH,U'(,VL)




The modified diffusion-convection transport equation (58) is more in-
volved than anything solved in the GALPROP or other cosmic ray trans-
port codes. In particular, it implies new physical processes such as focused
acceleration.

Most of the simplifying assumptions made are concerned with the calcu-
lation of the Fokker-Planck coefficients.

The origin of each transport term is clearly identified and can be related
to the statistics| properties of the turbulent electromagnetic fields and/or
the spatial gradients of the guide magnetic field.

The spatial diffusion coefficients x,,, kxx, Ky x and kyy are indepen-
dent from the charge-sign of the cosmic ray particle.

At the contrast, the convective transport terms ax, and ay, as well
as the spatial diffusion coefficients k,x and k,y exhibit the cosmic ray
charge-sign dependence.

For infinitely large perpendicular scale length (L = Ly = o0), Eq. (58)
reduces to the focused diffusion-convection transport equation, consid-
ered in the next section in more detail.

For turbulence geometries (e.g. slab Alfven waves) with vanishing Dx x
and Dyy all perpendicular spatial diffusion coefficients are caused by the
non-vanishing gradient and curvature drift terms combined with different

. . -1
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4.1. Perpendicular spatial diffusion from gradient and curvature
drifts

For a specific (symmetric in 1) choice of the pitch-angle Fokker-Planck coeffi-
cient D, = WMS*(l — ©?) we obtain k,x = k,y = 0, and for
the ratios of the remaining perpendicular to parallel spatial diffusion coefficients
and mean free paths

Kxx Axx 2—s (L 2_ 2—s 8& 2 (69)
Kzz  Asx  6-—5\9Ly)  36(6—s)\9Y )’
Hyy_)\yy_Q—S TL 2_ 2—s 8& 2 (70)
Kzz  Ase 6-—5\3L1) 9(6—5)\0X) "’
and
ny_)\yx__Q—S Ty L\ _ 2—35s %8& (71)
Kzr  Asx  6—85\3Ly ) \3Ly)  9(6—5)0X Y’

involving the spatial first derivatives of the non-constant Larmor radius in the
non-uniform magnetic field. Due to the Larmor radius dependence, the ratios
of perpendicular to parallel spatial diffusion coefficients increase proportional
(x (p/|qa|)?) to the square of the particle rigidity. Moreover, cosmic rays with
the same rigidity value have the same ratios of perpendicular to parallel spatial
diffusion coefficients.
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5. Focused diffusion-convection transport equation

For i = Ly = oo and Dxx = Dyy = 0 the modified diffusion-convection
equation (58) reduces to the focused diffusion-convection transport equation
(L = L)

oM 0 (kK 10 azpp? ]
0 7 zZ M - 2 . L M
ot S 0z ( ) 2 dp <[p Pross + = )

L p
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p20,p? 0 0 —a,, A OpM

with
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Qzp = —~ =7 z = P 73
"1 T a T D 3 (73)

for isospectral undamped slab Alfven wave turbulence, where H = (I —
I7)/(I'" 4+ I™) denotes the net cross helicity of Alfven waves.

5.1. New transport terms due to weak adiabatic focusing

Adiabatic focusing gives rise to two terms in Eq. (72) that represent convective
transport terms parallel to the guide field and in momentum space, respectively.
In the limit L — oo of negligible adiabatic focusing these terms vanish.
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The convective term along the guide field has been derived before by Earl
(1976) and Kunstmann (1979); the momentum convection term by RS and
Shalchi (2008).

e For weak focusing (|L| > \) the new parallel convective speed k../L =
vA/3L is much less than the individual cosmic ray speed v.

e Particularly interesting is the new convection term in momentum space

%2 [aZPp2M] — 19 {VAHng]
p2op | L p20p | 3L

For positive values of the product a.,L oc HL > 0 it represents a contin-
uous momentum loss term, whereas for negative values a.,L oc HL < 0
it represents a first-order Fermi-type acceleration term. The focusing
length L(z) is positive for a diverging guide magnetic field and negative
for a converging guide field.

Focused diffusion- . . .

e This novel distributed focused acceleration process, which is a 1st order Summary and...
Fermi acceleration process, operates in all cosmic sources with HL < 0,
including the upstream medium of shock waves, haloes of spiral galaxies
and solar flare loops.

e For HL > 0 it represents a deceleration (momentum loss) process. It
could prevent diffusive shock acceleration (or reduce the efficiency of the
latter) in a diverging upstream magnetic field.




Blz) A hv Blz) A Hv

Figure 1: Conditions for 1st-order distributed Fermi acceleration in diverg-
ing (a) and converging (b) guide magnetic fields. In diverging

magnetic fields a net negative (h = —H < 0) cross helicity state
of Alfven waves (pronged curve) convects the average particle to Focused diffusion- . ..
regions of stronger field stength. In converging magnetic fields Summary and...

a net positive (H > 0) cross helicity state of Alfven waves also
convects the average particle to regions of stronger field stength.
In both cases the conservation of the pitch-angle averaged mag-
netic moment of the particle requires the increase of the particle
momentum.




Summary and conclusions

We have reviewed the derivation of the cosmic ray Fokker-Planck trans-
port equation in turbulent nonuniform magnetic fields, explaining the
physical assumptions underlying the derived Fokker-Planck coefficients.

The non-uniformity of the large-scale guide magnetic field By provides
via the mirror force additional adiabatic focusing of particles along the
guide field characterized by the parallel focusing length L3 (Roelof 1969,
Earl 1974) and the gradient and curvature drifts of the cosmic ray guiding
center perpendicular to the guide field characterized by the perpendicular
field gradients L1 and Lo.

The cosmic ray diffusion approximation in the weak adiabatic focusing
limit yields the modified diffusion-convection transport equation with
many new diffusion and convection terms in the 4-dimensional momentum-
position phase space (p, X, Y, z). The geometry and nature of the MHD
fluctuations determine the individual transport terms. It is essential to
know the cross helicity state of MHD turbulence in cosmic sources.

Introduction
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e For infinitely large perpendicular scale length (L; = Ly = o0), the fo-
cused diffusion-convection transport equation results exhibiting two con-
vective terms parallel to the guide field and in momentum space. The
respective convective speeds depend on the ratio of the parallel diffusion
coefficient and the adiabatic deceleration rate to the focusing length,
respliectively. For slab Alfvenic turbulence the adiabatic deceleration rate
is proportional to the cross helicity H € [—1, 1] of the Alfven waves.

e For positive values of the product HL > 0 the new momentum con-
vection term represents a continuous momentum loss term, whereas for
negative values H L < 0 it represents a first-order Fermi-type acceleration
term. L is positive for a diverging guide magnetic field and negative for

a converging guide field. Fokker-Planck . . .
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